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Fig* 1 



The circuit shorn in Fig* 1 above, is a leaf pas© filter suitable 
for suppress in" rends**. n^isc appearing in the in -ni t volt?**© e(t )* Con- 
sider the irqurt vcJJ.fi- e(t 5 a© co posed rf two part?: 

desirable * • gnnl input volts *» of constant level ( r *C.)^ 

2— Uidosired noise, which varies rather rapidly *lth tine* 

9>* a suitable choice of resistance and capacitance i J ' is possible 
to reduce the noise voltage in the output -(i) to a negligible 

level, '.bile th* desired signal is transnit ted intact* 

However, tim varying signals present in the input signal In addition 
to the constant ievnl * ill ©siyerlence filtering to a espalier or greater 



’ tt it my perhaps sesra rather unusual to regard a P*C. volt ago or voltages 
varying linearly with time ass signal voltages $ one is accustomed to 
sinusoidal "low frequency signal" and "high frequer.cy noise"* However, 
constant, lin* arly varying or p&raholleslly vaiyinp volia es are quite 
ispertant in reany servoaccharsise applications, principally in automatic 
fire control circ; itn. 



extent aio-r id© . t» t*;» aoi. o voltage, e. ending upon in© raoidity of 
Li . variation, 

i a ordvr to ootaio on opti' xra no«pro‘Ji © between in© two conflict ng, 
rq .ir'jvd. 1 o :: xx.ui «i/ 'jfny in » xpnal re-ro ki ition an 5 alni*r.u: noi* c 
>ut' it, it i > ivcei • ry to vsry in© ciiuait- p<re ;tere # Iho 

'«u*i/ -i o: t \r circuit, after tn« variable n*ra.a<iter h*«» r , mod ite 
a Inf. I vnlu* , C' •* X/ ■> i, f.o « by c?" ve /tlo *• i circuit i o^ry; 

^o;-evor, j,*w i-,V" n :rve >© •• i - M*e da • t csicernu th«i 

behavior oi oi' . ut v.it* « ctirin. trvf«*ltiou t. *o, . u i ct, r» i * nuiy ©» 

. v> oft n borrowed l »<. . ..uti.ws- valid foi ecu. U ...t p e reactor* , rv .1 cing 

tu# c.ifti t»v»ii p»r. xetm jy its tine— varying » jai valent, 'ni.f ap> rox.,> ?,& 

not 110*4 o •olutxOw y«ry oit»n yield*) turf rl-in^iy • ouareic rt,»* aIIo; 
iowovar, it binako .*>»*: i<i ot er c.« s*e, 

it Lu t ic «in oi thin »> vn.r to investigate in© exact p*r£ or©c ncc of 
tnc reel* t*nce—£>p* oiia.nc# url.cn circuit -vitn ti»o v ryluf reemtanc#, 
i.na to mew t /© ran&® of orroi involved in the ap^roxiu te mot nod of 
evaluating t/m circuit h-n-vior, ih« reaiftan.® variation to o® co*i- 
aiiarod primrxly la a linear variation; higher ordor tarns© are ':oneide.red 
in t.i® appendix# 
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Fig. 2 

The differential equation governing the above circuit is 

(1) <JK(t) dx(t) 4 v(t) • e(t) 

dt 

A linear variation, of resistance ie aaeuiiedj i.e. 

(2) R(t) - fi 0 + Rj^t 
For convenience define 

(5) CR(t) s C R c 4 CH x t => 0 tT^ 

Two types of input voltages e(t) are to bo studied, namely power 
series containing finite numbers of terms, and sinusoids, in lasny 
applications it ic sufficiently accurate to regard the power series as 
merely a straight line or parabolic variation; emphasis* will bo placed 
on those two special cases, however, extension of the solution to any 
desired finite number of terms is given in the appendix. 

~ince the resistance variation discussed in t >ia paper is a time 
function only, equation (1) is a linear equation; coneequoutly the super- 
position principle way be applied. Thun, on© may consider each term of 
e(t) by itself separately, and solve for the terroe of v(t) which arc due 
to this individual term of o(t) ©lone. Ac a final otop the solutions 
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obtained in tnia winner may be added, re ultin fc in ti* . oletion due to all 
of tne ter^s oi e{ t) combined. 

umiarity and auporpo ition arf very convenient in t'.iie tudy, since 
V.e/ pci-sit sop" r» t • invc- ti* r> tior of . ower series and inueoid*l ei^n^ls* 
itirthoiniorc , on» i • urod th«t nugl^ction of higher order ter-u> in e(t; 
will not aifect tne solutions of v(t) corresponding to the lo or order 
to. _jd o. « (t) . 
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Th« p ,rtinent for of o uotion (1) io 

14} <T *T.t) dv(t) + T(t) = ) e ° f or •^ Ml volt» fc e 

o 1 ",V X " o Q f ^ or l-t nefir * lgnal voltage 

(e n f e^t + e^t* - for parabolic signal voltage 

solutions to theu© differential equation* aro presented in Table I, 

subject to tne boundary con-.iti.on thi*t at t - 0 the eomenser in charged 

to tne constant input voltage e Q j at t - 0 si lultancoua variations in 

resistance find input sigiial be r in. ais boundary condition apiroxim tea 

the conditions oi the prt *-ticul applic tione of this problem. 

lhe oolutioaf. for * 0 are also prcfacnttd, since the previous 

epproxiaetc solution, presented in iuble 1*, h< a merely replaced T 0 by 

To ^ V wherever appears in Table I, Col « 2 , 

The signal error £_(t) , defined as v(t)-e(t) is tabulated in Table III 

as obtained by botrt the exact and approximate methodo. 

<£{.t) corresponding to e(t) = e 0 +> e^t iB of immediate interest in 

aeeign problem®; inspection of fable Xii reveals that the signal error ie 

independent of e ; furthermore for the case or e(t) “ e 0 t e^t the signal 

error is directly proportional to e^ . 

For plo ting purposes it will bo most convenient to define a now 

variable ^ - c(t) . U may perhaps bo termed '‘per-unit signal error* , 

e i 

v-iince the dimensions of £.(t) and e are volt3 and volts per second res- 
pectively, the proper dimensions of ^ aro seconds. 

J so calculated by both the excct end appr oximate methods is plotted 
against time with 7~ 0 and f as parameters. Tho following ranges of 
variables and parameters aro presented as rao~t nearly representative of 
automatic fire control applications; 



1— Tin®: 0-20 soconda 



2— : 1-5 seconds 

o 

3 — ~*3 to .3 

The fully drawn curves with index H $.<?*” rwprefeirt solutions 
obtained by the onset rvrthod, while broken line curves v?ith index 
n 5a p" represent soluble '.3 obi i nod by the •proximate ret hod* A 
single curve with index ”£ex and 5^- n u ff indicates that the differences 
between the tvx- co.< Appending ordinates as calculated by the two 
methods are less than .1 unit of 1> ( .1 second); this figure becomes 
ceuporable to the f its curve thickness; ccnce juently a plot of the 
approximate curve was n t warranted. However, should it become 
necessary to obtain rr*ore exact figures, especially in V e neighborhood 
t 15 5 seconds, where differences between *5.app and 'Sex hecoine 
inherently very small, one may resort to the curve entitled * Sapp - 
5 . ex vs. 7T at t - 5 seconds”. Differences there cure rar ified in 



the ratio of 10 si. 



i he percentage error in output 



n = Jiti 

i't voltage J — *(t) i 



is tabulated in 



Tables IV, V for e(t) ~ e + e t at t 55 10 'seconds and 20 seconds roc- 
9 0 1 



pectively. 

Since 
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e 0 + ei t 
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it is possible 
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o. 
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<3 



*1 



+ t 



to simultaneous! * tabulate hi for one positive and one negative ratio 
of e r at constant t. The upper (-) sign in the tabulations refers to 

®i l 

the positive e Q entered at the top of the column, and vice versa. 



CR(t)= To CR(r) , T,t 
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In lot ign work tne tallowing con ?ic >r- tiom n^y be important : 

1— Absolute magnitude oi error £-^t) - v(t) - e(t) 

2— Percent w-knitude of ei ror * £\t) 

J e(t) 

Two netiodn of calculating £(t) and are availrin le, namely the 
exact end approximate wt\ods. 

For linear oign*l volta e an! line r refi t^nce vari tl-on, the 
franhicffl at’ tabul r results of er quick to coat ut© £-(t) and - • 

To fiud£_(t; corresponding to , ivcn l , and tiino, it is merely 
necessary to ’mltiply the appropriate ordinate by -e . Thu. » may be done 
graphic lly by adju ting the scale of ordinates to the required , re- 
col lin t -, that § = -Jii) • 

e l -v 

The absolute magnitude ol the error becomes greater vuth time, I , 

o 

> and s • For pot itivo I the approximate absolute error beco?u* 

1 1 1 1 

progros ively preatei thor the exact e ror, tie each or the af orexentioned 
parameters become l..r L erj however, the op; o< it© is '‘rue lor negative I • 
Ihus the maximum error corresponds to I : 5 seconds, = 3> a nd 
t • 20 seconds for which £ex(20) = 8.2 e^ volts, €Lapp(20) * -10.3 volts, 
a difference of -2.1 t volts. On the other hand a more accurate plot of 
the .dif^«?rence at t : 5 sec. shows that ^app(p) - £ex(5) i* -*8 e volte 
corresponding to j“ = 5 sec., = »3« 

percent error depends on the additional parametor « In- 



Tne 



spection of Pablos IV and V indicates that for a wide range oi e Q at 



t = 10 coc, and t = 20 sec. The difference between jupp and ""J cx does not 
exceed %•> • To reduce 'j to a minimum e should be high. 

®1 

Ranges of linear signal voltages not plotted or tabulated ue well 
as parabolic voltages may bo investigated with the aid of the expressions 
of Tables I, XX, III* It is hoped that sufficient preliminary investigation 
has been made concerning higher order voltago and resistance terms, as 
presented in tho Appendix, The following limitations arise in tho con- 
siderations of higher order terms: 

1— The number of parameters increases to a point where general calcula- 
tions become very cumbersome} for any given set of valuee, however, 
calculations are fairly simple, 

2— Some of the solutions obtained there are oi necessity presented in 



integral form? it would probably be necessary to perform these integrations 
on tho differential analyzer. 









I - • • . . • ft". 






















Solution of the Differential. Equation 



For CR(t) of the fom T Q t T. t, and exelud5.ng the case for 
/ Tj l = 0 which has been solved else?/hore in this paper, the solution 
of the differential equation for sinusoidal signal voltages requires 
the solution of the following integral equation: 






cos «t 



B sin o>t) (I'q tf t) 



t’l 




<*o + r lt) 




t'e can set the arbitrary constant equal to V(o) in which case v/e 

,T 



have our integral equation in the following fora: 

rT 



(6) V = 



?(o) ♦ 



A cos o>t ♦ B sin o>t 

'X +tn t 
* o *1 



“O 



/ dt 

v? i* 



dt 



/dt 

e’M' 



i 



hen the exponent - 1 is a small positive integral number, we are 

able to evaluate the integral directly by the process of expansion of 

, 1-1 

the tons \ r 0 *'£jw • Solutions are tabulated for = 1, 2, 3> 

and 4, in addition to the case in which = 0 which is ths constant 
parameter case* The solutions are tabulated for the general case in 
which A and B have non- 2 ere values 5 this is the case for any phase 
angle of the composite input wave. Solutions are also tabulated for 

7>" 

the case in which A = 0, corresponding to a phase angle of and 

for the case in which B = 0, corresponding to a phase angle of zero. 

For higher positive integer values of ~r , for negative integer 

, 

1 1 
values of — - , and for all fractional values of recourse ciust be 
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had to a differential analyzer, a Fourier coefficient analyzer, 
or numerical hand co -art at ion. In attaching tie problem, however, 
se are particularly interested in the ran ye < , 3 and it is 

to bo noted thrt the tala a1 "ted Dilutions for 7%= C (special case) 
and ~ .25 fall in this range. Further, the case vnherein 
*33 lies at the extreme positive end of the range. 



Differential equation: 



dV(t) 

dt 



-1> 



kjlL 

CR(t ) 



silL 

CR(t) 



Signal voltage: 

r 

Case I: 



CH(t): ' 



Case II: 



e(t) = A cos ^t + B sin ot 
CR(t) s constant “ 'f / Q 

C R(t) * r 0 +r x t 



Steady state solution 
for Case I: 



\ 

(?) V steady 
State 



A -cSZb ♦ B 

coswt ♦ r\ 

Uj 2 T2 + ; 



sinwt 



In the solutions which follow for Case II, the solutions are 
tabulated for the general case, for the case in which A s 0, and 
for the case in v/hich B = 0. 

Since e(t) = A coswt ♦ B sinwt: 

e(t) = cos (« t-6) 

1 R 

where 6* « tan ~ 

A 

Hence, in the case where A = 0, 

6 3 and e(t) = B sinwt 

In the case when B s 0, 

9:0 and e(t) = A cos^t 

For 0 any value the general solution applies, in response to the 
signal voltage e(t) • A cos «t t B sinwt* 

In order to indicate the variation of V as a function of 7^, 
for small positive values of 7^, the accompanying curves have 
been plotted under the following conditions: 
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t * 0 , 1 / 3 , 1 / 2 , 1 
A « 9 = 1 
O r. I 

^ =1 

Tho solutions then become: 




* 0: V = sin t 



= 1/3: V = 



(3*t)3 



[ 



(t '+ 



:t+13) sin t 



(t 2 44t*l) 



cos 




» 1 /2: v * ^^2 «► (3+2t) sin t - (l+t) cos tj 

* sin t - cos t*j 

For ^ *ftMl to aero, which is the case when Gfi(t) - constant 
“ • $ we havq a constant coefficient differential equation to solve, 
the signal voltaic being a sum of sinusoids '.ich ray resolved into 
a single sinusoid v.ith an initial phase angle. As is to be expected 
the solution for the response is a constant amplitude sinusoid. As 
^ takes on small positive integer values the solutions become more 
complicated but, as can be seen fren the equations and th. curves, 
the response sgain involves a sinusoidal form, though now re have 
a vertical displacement of the sinusoid due to the appearance of 



r x 



1 : 



V » 



^ L 



the transient term which w'vs neglected in the case vrhcrc ££ * 0. 
In this latter case it was cone Ida red that at the starting of 
problem tine the transient had already died out and steady state 
conditions existed. Fcr small positive integer values of ^ the 
sinusoidal terms are modified by amplitudes that are ’ ot constant 
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but that are functions of time, The net result is that the 
responses to sinusoidal inputs, in the case of CH(t) variable, 
are of a damped sinusoidal form rdth the damping factor being 
variable and not following a definite pattern* In general, 
increasing 7^ decreases the amplitude of the response (an 
exception is seen in the case of ^ r £ where the initial 
swing of the response is to a value greater than unity) though 
to make this comparison it is necessary to take into account 
the phase shift or expansion of the resultant cycle introduced 
by increasing T\ from its aero value. Decreasing T, lor.ards 
aero has the effect of changing the solution towards the constant 
amplitude sinusoidal form* 

To give an indication of the effect of changing frequency 

r 

the solutions have been r>lott d when only one input sinusoid 
is present for two values of angular frequency, 1 and «*>= 2. 
All other parameters have the sane values for the two solutions. 
The curves show that as the frequency is increased the irregularly 
damped sinusoidal form responses are decreased in amplitude and 
die out sooner. 

Again confining our attention to sinusoidal signal voltages 
the question comes uo as to vjhether or not v;e are justified in 
substituting the actual variation of CR(t) into the solution for 
CR(t) * constant, aid to what extent error is introduced by this 
procedure . 

Our input signal voltage is e(t) « A coswt *► B aijuat. 

To obtain an avera e indication, consider a given solution in 
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two ways; first, 3et A ~ 0 , ~ = 1 which corresponds to 8 = 
and second, let A - 1 , B = 0 which corresponds to 8 = 0 . Denoting 
the first solution bv 7 r and the second by we >111 riot 
V A + V r <: for both the e-'.act method of solution and for the 
approximate method wherein v/e substitute the actual variation of 
CR(t) in olace of CR(t) = constant. Considering all other 
parameters fixed and the same for all solutions, we have: 

For r * 1 j 



Approximate: V A ** t Vp = 



Exact: 7 A 2 * 7 2 



For -T = 



(l ♦ t ) 2 + i 
1»5 + sin t - cos t 
(l ♦ t ) 2 



Approximate: 7 2 + 7 2 = - — pr — 

J> b (1 ♦ .5 + l 

Exact: V 4 * A = *»5t ) 2 4 . ,5 <r ^ „ (1 + .5t) cos t 

A ^ B * 



(1 * .5t ) 4 



The curves show that the responses die cut more slowly as 
is decreased toward rr.ro, and that agreement between the exact 
and approximate solutions is bet/er for smaller 7 ^. That the 
response should die out more slowly as 7 ^ is reduced is to be 
expected since when 7^ = 0 , the sum of the squares of V* and 7^ 
vdll be equal to a constant. The disparity between the approximate 
and thv onet solutions as a function of is another question. 
Obviously, at some value of and for lower values, we will be 
within the limits of error specified by a given design problem 
if we use the approximate solution. This point must be determined 
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by the situation to be .ret. Further, the justification of the 
use of tho approximate solution cannot be found entirely in the 
behavior of 7^ j t in also a function of the values assured by 
and u > , Another point to be understood is that although 

O O 

plots cf the values of Vy'" plus V '* ere show. for values of 

•* b 

t'im between sero and five seconds in which bracket the discrepancies 



are greatest, the exact and approximate curves do not follow the 

sane fora of variation as tixe increases above five seconds^ This 

can be seen by an inspection of the defining equations. H'hereas for 

2 2 

large values of tine tho approximate solution gives V/i + Vp of 
the form (at )~ n , the exact solution given a fora b(at vdth 
a decreasing coefficient sinusoid added to it* 



For 7^ - 1 and t large: 

2 . 0 

Approximate: V A + Vg 

Exact: V A 2 + 7 } f 







2 iiL. ♦ 

t 2 



sin t - cos t 
t 2 



For f\ z h t largo: 
Approximate : 



Exact: 




?• 



B 



at 



1 

( *5t) 2 



con t 

(.5t)3 



Though for large values of t the error my hence not be great in 
using the approximate solution the percentage error may be very 
gre.' t , 
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Appendix 



Classical .nathoda were preferred to the aethod of L* »lecc 
Trans f o ration s in the solutions to the differential equations, 
since the iransforas corresponding to the varying circuit 
psr.or.et "rs are not renera’ly available in the lit^rAturc. 

As an ermi'-le the fmral solution for V(t) corresponding 



to a parabolic signal will be presented here: 

Equation (A) should r^rhapa «ore accurately ro&dr 

(<»} (' t ♦'ti) i^dLkl * « . 2 

*V'' , :Vt * vU ' ^ e t + e j| t + • 

Because of the linearity of this equation coo f3&* f noire 
for V(t) due to the light hand side bslng C ant * e^t*. ^ 

separately, These two parts of Use solution are cor 'rdy termed 
the complementary function or transient and p^rtieuV' r integral 
or steady state aaLutioci* 

For the transient i 

dV(t) 

* V(t) « 0 



(&) % t) 






or 



dV(t) 

V(t) 



at 

" V r i* 






1 



dt 



t ♦ -r 



e 



Integrating 




where K Is an arbitrary constant* 
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C n,j-- u-.nciy 

(7i, ;(t) 






rarct : ^ 



/v "n 1 
— + i 

T 



« ♦> ** 
v> 



r r u 



.hat 



(Ob) v(t) - 7 4 7,t 

O JL 



* v* 



,-2 , V(t) i s trs* 1 to be a~o'' v c f *'bl ' n a * 

la -he sa«*e ... " 2 w 'a -s e(t) 



‘'•ji * r* 1 fti no 



Different V t: n« (’ h ) 



( ’c ) 



c|7(t ) - 

. - V. 4. 



2V ot 



dfc i 

• u] tioijrlnf (fk) ter (T" +7U) and aidinr to (8b) f'ere result! 
(12) (r c +T^t) + 2 fft) 4 . V n * 7 x t ♦ ? 2 t 2 

■o - V i r 3 J 1 Ru* 



-? ? V 2 



■yi + 2^) t 2 



e 0 + e -, t * e J" 2 or ril instants! tir** b v (*0 



Therefore: 



(9b) 



7 o ♦ ■% V 1 = % 

i<-'- *1; + 2 7; r t = ?1 



\ 'V 1 * 2T, ) a eg 



- 20 - 



Solving (9b) sln&tos&rcsly 
<s 2 



W> rr 



h « 



? 

w O ~ 



x * 

i.r x 



s isa. 

1 + 



2 T_ 8-3 

'- c- M 2 

i iii win rt 



(X*^) (1*27^) 

«b» 

2 £ Op 

* — — 42 

(!♦£) (1+2T) 



(9c) 



The consplete solution iss 



(9) V(t) -• K 



For t a C 
(9«) V(0; 



2t 

I 



* t 



-1 

1 ♦T" 



« y 



7 x 



1 

r 



~+ ©, 

*Q i 



2 > 2 



(1*27?) 



A Hi 

ar « 



•O J 2 



&*\) (14-2^) 



O 



®2 

j+:t ? 



.X. 


2 




-T «*? " 7- 

0 -Jfi— L- t h '"2 


T 


° i ) 



Solving (9d) for r - 
(9e) r • 



3 ffil 2 r r 2 .o 




7; 


x * 5 J a* 7 £) (1*27;) 

a* 







r. 



* by the 
boundary 
conii? ion. 
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The method of "assuming" the steady state solution nay be employed 
to obtain solutions to any number of finite terms appearing in the expansion 
for e (t), i.e. let 

(10) e (t) = e c + e^t+e 2 t ‘' — e n ^ n ' 

Assume as a solution to equation (1) for CR(t) = 



(11) ' (t) = V 0 + Vjt + V 2 t 2 + v n t n 

By the previous method one obtains as solutions 




V 



n-1 



(12) J V* 

\ • 



Cn 

1 + nT 

= e n - 1 

1 -V (n-ln 1 

z _£» l - 2 
1 + fn- 2 T 



nT e Qn 

U + nTi)(lt [n4pn 

(n-1) ^ «n-J. J. r ‘ e n 

(n-2;t{j (1 f nip(lffn-lj/p (ltn-Jjrp 



V 

o 




(l + n ^l)(l+ Cn-l]f r fi)(l4 [n-2j1^y^ - - 

(-l)" -1 (n -1)/T n n ~ : «n-l r _ r T'o t i 

(If [n-lJT (If- [n-2)T -(1 + T) If 7? + ° 



T..is scheme of "assuming" the steady state solution will succeed as 
long as the resistance is constant or varies linearly with timej however, as 
soon as parabolic or higher order terms are admitted into the expansion of 
R(t) the method fails. The reason for failure is easily evident: 

is an expansion whose highest degree term is of one degree lower than the 
highest degree term of V (t). Multiplying by a term containing t 2 

or t raised to a power higher than 2 will cause the degree of the left hand 
side of equation (1) to exceed the degree of the right hand side, making it 
impossible to equate coefficients. 
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However, since equation (1) is a first order linear differential 
equation its solution can always be placed in integral form if not closed 
form. For our equation: 

(13) CR (t) ^*+V(t) = e (t) 

<*> = 

For the homogeneous equation (right hand side - 0), we have: 



(15) 



dV&U I&L = o 

dt CR(t) 



Separating the variables we obtain: 

dV = - dt 



crCw 



h - -/« 

l0£ ^ = J c 



dt 

CEltJ 



(16) 



V - K^e 



out) 

f dt 
Jl 



CR(t) 



ift'hen the right hand side of the equation is not equal to zero, we assume the 
same form of solution but in this case tho constant is replaced by u, 
where u is now a time function. 

Then: 

(17) 






dt 
CIi(t) 



V 


- ue 


dV 


_ du ( 


dt 


dt 


dV 


= fdu 


dt 


L dt 



f dt f 

-Jem u -Jo 

~ cm 



dt 

CRlt) 



o 



J 



dt 

GR(t ) 
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Substituting into the original aquation wo have: 




Then; 



du _ o(t) 
dt ~ CH(t; 





This method of attack, involving the solution of an integral equation, is 
used in this paper when (l) R(t) is assumed to consist of terras giving 
rise to a variation greater than linear, arid (2) the signal voltages are of 
sinusoidal form. 

For R(t) consisting of terms of higher order than line r subse- 
quent analysis shows that the "transient" part of the solution can be placed 
into closed form, but the steady state solution cannot. However, an integral 
equation in itself constitutes appreciable progress compared to the differ- 
ential equation form. 
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Consider 



It(t) = R 0 + R,t + tgt* 
CK(t) - ^o+ ^i^ +*^2^ 







Ih* en»r?i *» elation for 7(t) corrn pending to (t) 



-hc^t - - * — • - ~ Si* n * by (^-) 



( ) V tty 



t _ ,' ' «.t 

- iW+ZlV) I ^4- it 4 i! 

,L » 



t 

-f •'•(-*' - * 

i~ r\ i 



l >4 * v .4 ,1 

Vil li' + :. 



' 



TV*'' expr- sition £ 
sure as es ariu#: 



~J h'i +_ + • 



* . 



is to be .found, Ihre * oi^tinct 



(t 1 + 1 t 4 ; ? (t +-X) 1 ( t 

- .x /"ftVx Y 



t + « 



and 



(dO a) V 



* 

(t) « t I K'- tlui* . vj.' }t V'*- 1 -' f 

L 



✓ 

+ i o + ii-.l 4 j> 2 t 2 + £•. t 



M 



2 - ((Mt » T - * - (t+0 + •/ - d t+*i’ ! 

t T: v: 



1 



Ld> 

i i'*l: Pi 



td 



.0 



t 4 > 



* nd 

UO b) 



V (t) = , 



. 1 . * — * * * 






■ t 



> T i 



K 4 ^^;c 4 



- i 






) L-‘ 



© ►. 



+ t J 4 '• t > . r. + — < * 



.1 



25 c ~ 



/. i «K , 

(t + J*i + ^ r ' " 



W I 



■t -* t + 



and 



(20 c) V (t) - 



t * + 



• \ 



i v ( + v - 



t <. r ^ t 






It id anteredtin^ to compare the type of transients obtained: 



C R (t) 


Transient 


Limit of 

Transient as t » ' 


) 

o 


d. 

• \ _ 


0 


' o 1 1 


*\ "(Tj -t7,{ j ’k 


0 


v , > + 2 

o 1 v * 1 2 t 


! K 


K 




j {('h io -''- f- 


K'f^ 




i K ( >- i i/L± ; vTr, 

V t + tx - s / 


K 



Tho last three transients approach finite values. If C R (t) contains 
higher than second order terns it is necessary to factor _ + <,t — 



o 1' 
and 



i ffi t ffi into terms of the type } '' 4 0 j 

ft - ''0 ^ 0k> l,p,are integers equal to or greater than 1) 0 One 
can obtain the proper transient solutions similar to the ones corresponding 
to C R (t) = T + t -t i pt^ by a partial fractions expansion* 
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In so far as sinusoidal signal voltages are concerned, to 
illustrate the method of obtaining the results tabulated previously in the 
paper, the following sample calculations are shown for the case in which 

C =T 1 = 



dV , V 
dt CR(t) 



e(t) 

CRltJ 



(21) Let e(t) = A cos u tiB sin u t 



CR(t) =T 0 +T t 






dt T 0 + *7]^ t 



“ A cos u. t- fr B sin u t 

cr of < h t 



Then: 



dt 



V = 



«2 + , 



'A cos u t B sin u t 






el 



Tort t 



o*'l M dt 



dt 



e 



To v T]t 



V = 



(22) V - 



, , A cos u t B sin u t ^ 
21 ^ * 



Kj /(A cos u t + B sin u t)( c T Q + "Tit) 



~i los ' 



- 1 



e 



^log 



i-1 

Ti 



dt 



( r .+T>" 1 



Since L = It 



(23) 



v = [ V / 

V = Jy A 



(A cos u t + B sin 



in u t) dtj %-t t 



T 



sin ut-“ cos u tj ^ 



To evaluate the arbitrary constant we must go back to the steady state solution 
for R constant and substitute t s 0, giving us V(0), our boundary condition 
for the variable resistance solution above* 

For constant resistance we have: 

dV * JT_ - A cos ut^B sin u t 

<Jt «r 0 ~ <r 0 



( 24 ) 
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The steady state solution is found as follows: 



Let V 2 = steady state solution for V 
Let V 2 s M cos u t*Hw sin u t 

^2 « - u M sin u t 4*u K cos u t 

dt 



M N A B 

- u M sin u t ¥ u H cos u t f — cos u t 4- — — sin u t Z £=* cos u t 4-r— : sin u t 

"T 0 Tq ' o 1 o 



Equating sine terns and cosine terms separately: 




B 

"To 




- uT 0 = 
u<r n = 



B 

A 



- uT Q !i H I = B 
u< «+u 2 Cf^ 2 * = uT 0 A 

M (l+u 2 T o 2 ) = uT 0 A +B 
K s u<f o A 4 B 

u 2 t 0 < +1 

M = A - uT„ * = A - U -J-Q z A - u^ B 

u 2 T 0 2 -rl u 2 T^ 2 -KL 



- A - u TT B uT: A 4-B 

(25) v 2 “ — * ^-2 — cos u 1 4- 2 . . ...... sin u t 



2<j 2 , , 

“ 1 o + 1 



uVo 2 tl 



For the variable resistance case, V(0) - Vo (0), 
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V (0) = A ~ u [ o 3 “ 



u 2 To 2 a 






(27) K3 = lo “ 11 1 o ' 4. £ 



u 2 T 0 k fi 



u 



The complete solution for V in the variable resistance case is then: 



(28) V = 



> (A - u B) 

+1 



— 4* — sin u t - — cos u 1 1 - -- — — - 

u J 
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